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z ( i u l ( t )  +  f ( x ) x { t )  +  O O : { t )  +  g ( t ,  : i : ( t - - r ) )  +  d x  =  p ( t )  
z { O )  =  z ( 2 . r ) ,  : i : ( O)  =  : . i : ( 2 . r ) ,  % ( 0 )  =  % ( 2 . r ) ,  : i i ( O )  =  · x ( 2 . r ) ,  
U n d e r  s o m e  r e s o n a n t  c o n d i t i o n s  o n  t h e  a s y m p t o t i c  b e h a v i o u r  o f  t h e  r a t i o  
g ( t ,  y ) / ( b y )  f o r  I YI  - .  o o .  U n i q u e n c : 1 1 : 1  o f  p c : r i o d i c  s o l u t i o n s  i a  a l 5 o  e x a m i n e d .  
1 .  I N T R O D U C T I O N  
I n  t h i s  a r t i c l e  w e  s t u d y  t h e  p e r i o d i c  b o u n d a r y - v l l . l u e  p r o b l e m  
x < ' " l ( t )  +  f ( x ) ' : i : . ( t )  +  b x  +  g ( t ,  : i : ( t - T ) )  +  d x  =  p ( t )  
x ( O )  =  x ( 2 r r ) ,  : i : ( O )  =  : i : ( 2 r r ) ,  x ( O )  =  x ( 2 r r ) ,  x · ( o )  =  x · ( 2 r r ) ,  
( 1 . 1 )  
w i t h  f i x e d  d e l a y  T  E  [ 0 ,  2 r r ) ,  f :  l R - +  l R  i s  a .  c o n t i n u o u s  f u n c t i o n ,  P :  [ 0 ,  2 r r ]  - +  l R  l l . D d  
g  :  [ 0 ,  2 r r ]  x  l R  - +  I R  a r e  2 r r - p e r i o d i c  i n  t  H . J l d  g  s a t i s f i e s  C a r a t h e o d o r y  c o n d i t i o n s  
w i t h  b  t u 1 d  d  r t = H l  c o n : i t n u t . . ' i .  T h o =  u n k n o w n  f u n c t i o n  ; r ;  :  {0 ,  2 - r r ]  - - >  1 R  i s  d e f i n e d  f o r  
0  <  t  : S  T  b y  x ( t - T )  =  [ 2 r r - ( t - T ) ] .  W e  ar~ c o n c e r n e d  w i t h  t h e  e x l l i t e n c e  a n d  
u n i q u e n e s s  o f  p e r i o d i c  s o l u t i o n  o f  e q u a t i o n  ( 1 . 1 )  u n d e r  s o m e  r e s o n a n t  c o n d i t i o r u ;  
o n  g .  '  
I t  i s  p e r t i n e n t  t o  n o t e  t h a t  f o u r t h - o r d e r  d i f f e r e n t i a l  e q u a t i o n s  w i t h  t i m e  d e l a y  
an~ uKo;~d t o  m o d e l  p r o b l e m s  i n  e n g i n e e r i n g  a n d  b i o l o g i c a l  o r  p h y s i o l o g i c a l  s y s t e m s .  
•  F o r  i n f t a n c e ,  t h e  o s c i l l a t o r y  m o v e m e n t s  o f  n u t t ; ; C l e s  t h u t  o c c u r  a s  a  r e s u l t  o f  t h e  
i n t e r a c t i o n  o f  a  m u .o ; c l e  w i t h  i t s  l o a d  ( s e e  [ 5 ] ) .  F o r  o t h e r  p a p e r s  d e a l i n g  w i t h  t h e  
s t u d y  o f  f o u r t h  o r d e r  d i f f e r e n t i a l  e q u a t i o n s  w i t h  t i m e  d e l a y  s e e  [ 2 ,  3 ]  a n d  r e f e r e n c e s  
t h e r e i n .  
I n  w h a t  f o l l o w s ,  w e  s h a l l  u s e  t h e  s p a c e s  C ( [ O ,  2 r r ] ) ,  C k ( [ O,  2 r r ] )  a n d  L k ( [ O ,  2 7 T ] )  o f  
c o n t i n u o u s ,  k  t i m e s  c o n t i n u o u s l y  d i f f e r e n t i a b l e  o r  m e a s u r a b l e  r e a l  f u n c t i o n s  w h o s e  
k t h  p o w e r  o f  t h e  a b s o l u t e  v a l u e  a r e  l e b e s g u e  i n t e g r a b l e .  W e  s h a l l  u s e  t h e  f o l l o w i n g  
2 0 0 0  M a t h e m a t i c s  S u b j e c t  C l a s • i f i c a t i o n .  3 4 1 3 1 5 .  
K e y  w o r c . L .  a n d  p h r t l . > e l l .  P e r i o d i c  1 1 0 l u t i o n ;  u n i q u e n e s s ,  uniquent;to~~; 
C a r a t h o e o d o r y  c o n d i t i o n s ;  f o u r t h  o r d e r  O D E ;  d e l a y .  
@ 2 0 1 1  T e x a s  S t a t e  U n i v e r s i t y  - S a n  M a r c o s .  
S u b m i t t e d  J w 1 e  3 ,  2 0 1 1 .  P u b l i s h e d  O c t o b e r  1 1 , . 2 0 1 1 .  
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9 u b u l o v  npnK~: 
W I , ; .
2  
=  { : c :  [ 0 ,  2 1 1 ' ]  - +  1 R :  x , x ,  x ,  ' : i ; ' a . r e  a b s o l u t e l y  c . o n t i n u o u s  o n  [ 0 ,  2 r r ]  a n d  
: c ( O )  =  x ( 2 7 r ) ,  x ( O )  =  x ( 2 7 r ) ,  x ( O )  =  : ' 1 : ( 2 1 1 ' ) ,  ' : C ( O )  =  ' x ( 2 7 r ) }  
w i t h  t h e  n o r m  
4  1  1 2 " '  
lxl~v• ·• =  L  -
2  
l x i ( t ) 1
2
d t  
• •  i = O  7 ! '  0  
a n d  
H : } , .  =  {  x  :  [ 0 ,  2 r r ]  - - l R  :  x  i . . " i  a b s o l u t e l y  c o n t i n u o u s  o n  [ 0 ,  2 1 1 ' ] a n c l  x  E  i~IK} 
w i t h  t h e  n o r m  
1  t " " '  2  1  1
2
, . .  
lxl~v;~· =  C r r  l o  x ( t ) d t )  +  2 7 1 '  o  l x l 2 d t .  
2 .  T H E  L I N E A R  P R O B L E M  
W e  c o n s i d e r  h e r e  t h e  l i n e a r  d e l a y  e q u a t i o n  
: c ( i v ) ( t )  +  a ' : i : ' ( t )  +  l i i ( t )  +  d ( t - r ) )  +  d x  =  0  
x ( O )  =  x ( 2 r r ) ,  : t ( O )  =  : t ( 2 7 r ) ,  x ( O )  =  x ( 2 1 1 ' ) ,  x ' ( O )  =  ' X ' ( 2 7 r ) ,  
w h e r e  c  i s  a  r e a l  c o n s t a n t .  
L e m m a  2 . 1 .  L e t  b  <  0 ,  d  >  0  a n d  
c  
O < i ) < n  
( 2 . 1 )  
( 2 . 2 )  
w h e r e  n  i s  a n  i n t f ' 1 } e r  u  ~ 1 .  T h e n  ( 2 . 1 )  l i a s  n o  ' u o n - t r i 1 1 i a l  p e r i o d i c  K~olution f m ·  
a n y  f i x e d  r  E  [ 0 ,  2 7 1 ' ) .  
P r o o f .  W e  c o n s i d e r  a  s o l u t i o n  o f  t h e  t o r m  x ( t )  =  e . X t  w h e r e , \ =  i n  w i t h  i
2  
=  - - : - 1 .  
T h e n  L e m m a  2 . 1  w i l l  f o l l o w  i f  
·t / J ( n ,  r )  =  n
4
- b n
2  
+ e n  s i n  n r  +  d  : / =  0  
f o r  a l l  1 l  ~ 1  a n d  r  E  [ 0 ,  2 r r ) .  B y  ( 2 . 2 ) ,  w e  o b t a i n  
n
4  
2  
c  .  d  
b _ l ·c / J ( n ,  r )  =  b - n  +  b n s m  n r  +  b  
n
4  
2  
c  d  
<  - - n  + - n + -
- b  b  b  
n
4  
d  ~ 
<  T +  ' b  <  o .  
T h e r e f o r e ,  1 / J ( n ,  r )  : / =  0  a n d  t h ! l  r e s u l t  f o l l o w s .  I f  x  E  i~IKK w e  s h a l l  w r i t e  
2 w  
x  =  2 _  {  x ( t ) d t ,  x ( t )  =  x ( t ) - x  
2 r r  }
0  
'  
1
s u c h  t h a t  I : , . .  x ( t ) d t  =  o .  o  
' v V e  c o n s i d e r  n e x t  t h e  d t : : l a y  e q u a t i o n  
x < ' " l ( t )  +  a ' x ( t )  +  b x ( t )  +  c ( t ) x ( t - r ) )  +  d x  =  0  
x ( O )  =  x ( 2 7 r ) ,  : i : ( O )  =  x ( 2 r r ) ,  x ( O )  =  x ( 2 7 r ) ,  x ' ( O )  =  ' : i : ' ( 2 r r ) ,  (
2
·
3
)  
w h e r e  a ,  b  a r e  c o J L " i t a n t s  a n d  c ( t )  E  i~IKKK 
. ;  
E J D E - : ! 0 1 1 / l : J O  
F O U m " H - O R D E R  P E f U O D l C  O O U N D A R Y  V A L U E  P R O O L E M S  
! I  
T h o o a - . : o u a  2 . 2 .  L n l ! . - <  O ,  . J  > - 0  o r t t J  r ( t ) - ! . - 1 . , ( 1 ) ; : :  L 3 , . .  9uptx~nn t h a t  
'  o  <  r ( t )  <  1 .  
( 2 . 4 )  
T h e n  ( 2 . 3 )  h a s  n o  n o n - t r i v i a l  p e r i o d i c  s o l u t i o n  f o r  e v e r y  f i x e d  T  E  [ 0 , 2 7 1 " ) .  
P m o f .  L e t  x ( t )  b e  a n y  s o l u t i o n  o f  ( 2 . 3 ) .  T h e n  
: . ! , - - 1  
0  =  
O
~ f u  ~EtF [~T1" {  x < • u >  +  a · x  +  d x  +  { x  +  r ( t ) X ( t - r ) } }  ] d t  
=  _  ~-
1 
f
2
"  i : ! ( t ) d t - J b -
1  
f " J "  : P ( t ) d t  +  2 .  {
2
" "  i ( t ) [ " x ( t )  +  r ( t ) : i : ( t - r ) J d t  
2 7 1 "  l o  2 7 1 "  l o  2 7 1 "  l o  
~ 2 _  : ' i ( t ) [ x ( t )  +  r ( t ) : i : ( t - r ) J d t  
1
2 "  
2 r r  
0  
: . ! > r  
=  1  [ ! i
2
( t )  +  rEtF~EtF:i;Et- r ) ] c . U  
=  . 2 . .  {
2
1 f  [ P < t ) - r ( t )  P ( t ) - r ( t )  : P ( t - r ) ] d t  
2 r r  }
0  
2  2  
1  1
2
" '  r ( t )  . .  ] 2  
+  - - [ x ( t )  +  : i : ( t - r )  d t .  
2 r r  
0  
2  
I n  th~:: 1 1 b o v e  ~::xpreehion w e  u H e d  t h e  e q u a l i t y  
a +  b  2  a
2  
b
2  
a b =  ( - )  - - - -
2  2  2 .  
F t o m  t h e  p e r i o d i c i t y  o f  : i ; ( t ) ,  i t  f o l l o w s  t h a t  
H e n c e ,  
1  r : . ! , .  ..  . ,  1  r " , l , . .  · · 2  
2
7 1 "  J o  x - ( t ) d t  =  
2
7 1 "  J o  x  ( t - r ) d t .  
' } . , -
0  ~ . ! .  ( 2 .  f  [ P ( t ) - r ( t ) i
2
( t ) J d t ]  
2  2 7 1 "  }
0  
. ,  .  
1 (  1  r - 1 f  ' ' : l  ' 2  
=  
2  
2 7 1 "  l o  [ x  ( t - r )  - r ( t ) x  ( t - r ) ] d t  
•  2  
~ o i : C I H '  =  o l : i : I H '  ·  
::l~~r 2 w  
B y  [ 4 ,  L t ! m m a  1 ]  w h e r e  o  >  0  i s  a  c o n s t a n t .  T l u s  i m p l i e s  t h a t  x  L o ;  c o n s t a n t  a . e .  
B u t  s i n c e  d  = F  0  w e  m u s t  h a v e  x  =  0 ,  a .  e .  ·  0  
3 .  T H E  N O N - L I N E A R  P R O B L E M  
W e  s h a l l  c o n s i d e r  h e r e  a  p r e l i m i n a r y  L e m m a  w h i c h  w i l l  e n a b l e  u s  o b t a i n  a  p r i o r i  
e s t i m a t e s  r e q u i r e d  f o r  o u r  r e s u l t s .  
i~mma 3 . 1 .  L e t  a l l  t h e  e o n d i t i o n . s  o f  L e m m a  2 . 1  h o l d  a n d  l e t  o  b e  r e l a t e d  t o  r ( t )  
h - y ,  T h e o r e m  2 . 2 .  S u p 1 1 0 .s e  t h a t  v  E  i~1f a n d  
0  <  v ( t )  <  r ( t )  +  E  a .  e .  t  E  ( 0 ,  2 1 r ]  
.,  
h1ldK~ f m ·  a n y  ' U  E  L = j , . ,  w h e r - e  f  >  0 .  T h e n  
2 _  { : ! ' I f  ~EtF [ b -
1
( x ( i u }  + a x +  d x }  +  x  +  r ( t ) : i : ( t - r ) ] d t  ~ ( o - bFl:i:l~~ ·  
2 7 1 "  }
0  
• .  2 •  
4  
S .  A .  l Y A S E  E J D E - 2 0 1 1 / 1 3 0  
P r n - o f .  F \ - u u 1  t h o  p a : u u f  u f  T h o u . n : > U l  i l . i l ,  . , . . ,  L n . . - . : >  
2
1
r r  1
2
7 1 "  i ( t )  [b -
1
{ x ( i v )  + a x · +  d x }  +  x  +  v ( t ) x ( t - r ) ] d t  
~ ~ E~ ( . , .  [~
O
EtF - rEtF~
O
EtFzdtF +  ~ E~ ( ! . , .  [ . P ( t - r ) - rEtF~
O
Et- r ) ] J t )  
2  2 7 1 "  }
0  
2  2 1 r  }
0  
2 7 1 "  
- ~:
O
~ 1  ( : ?
2
( t - r )  +  i : ! ( t ) ) c . l t  
1  [  1  1: h ·  . .  · >  •  2  ]  f  1
2
" "  2  
~ - - [ x - ( t - r ) - r ( t ) x  ( t - r ) Jd t  - - x  ( t - r )  
2  2 7 1 "  0  2 1 1 "  0  
e  1 2 " "  " " 2  
- - i :  ( t - r ) c . l t  
2 7 1 "  0  
.  ' )  . .  2  
? :  6 l i i : H •  - t = l x l n •  
~hr 2 •  
•  2  
2 :  ( < 5 - cF lxie~K ·  
0  
W e  s h a l l  c o n s i d e r  t h e  n o n - l i n e a r  d e l a y  e q u a t i o n  
x ( > v )  +  j ( x ) x  +  b x  +  g ( t , : i : ( t - r ) )  +  d x  =  p ( t )  ( 3 . 1 )  
w h e r e  f  :  R  - +  R  i s  a  c o n t i n u o u s  f u n c t i o n  a n d  g  :  [ 0 , 2 1 ! " ]  x  R - +  R a r e  2 r r  p e r i o d i c  
i n  t  a n d  g  s a t i s f i e s  C a r a t h e o d o r y  c o n d i t i o n ;  t h a t  ~K g (  · ,  x )  l l i  m e a s u r a b l e  o n  [ 0 ,  2 1 r }  
f o r  e a c h  x  E  R a n d  g ( t , · )  i s  c o n t i n u o u s  o n  R  f o r  a l m o s t  e u c h  t  E  [ 0 ,  2 1 ! " ] .  W e  ! l . ' i . . ' m m e  
m o r e o v e r  t h a t  f o r  r ·  >  0  t h e r e  e x i s t s  Y . - E  i~KIKK s u c h  t h a t  l g ( t ,  y ) l  ~ Y  . .  ( t )  f o r  a . . e .  
t  E  ( 0 ,  2 r r J  a n d  x  E  [ - r ,  r· J .  
T h e o r e m  3 . 2 .  L e t  b  <  0  a n d  d  >  0 .  S u p - p o s t !  t h a t  9  i s  C a r a t h e o d o t - y  f u n c t i o n  
s a t i s f y i n g  t h e  i n e q u a l i t y  
g ( t ,  y )  ~ 0 ,  I Y I  ~ , .  ( 3 . 2 )  
l i m  t m p  gE~-yF ~ r ( t )  ( 3 . 3 )  
I YI  . . . . .  o o  v 1 1  
'  
u n i f o " " ' j l y  a . P . . ,  t  E  [ 0 ,  2 1 T " ]  w h t : r e  r  >  0  iK~ a  c o n s t a n t  a n d  r ( t )  E  i~IKK iK~ . m r . h  t h a t  
I  o  <  r ( t )  <  1  ( 3 . 4 )  
T h t m  f " ' r  a r b i t n u y  continuouK~ f u n c t i o n  J ,  t h e  b o u n d a r - y - v a l u e  p r o b l e m  ( 3 . 1 )  h a . '  a t  
l t : a s t  o n r - 2 1 1 " - I J e r i o d i c  s o l u t i o n .  · ·  
P n x ; f .  L t ! t  J  >  0  b e  a s s o c i a t e d  t o  t h e  f u n c t i o n  r  b y  T h e o r e m  2 . 2 .  T h e n  b y  ( 3 . 2 ) ,  
( 3 . 3 )  t h e r e  e x i s t s  a  c o n s t a n t  H .
1  
>  0  s u c h  t h a t  
o  <  g ( t , y )  <  r ( t )  +  ~ 
- b y  2  
( 3 . 5 )  
i~ I Y I  ~ R 1  f o r  a .  e . ,  t  E  [ 0 ,  2 1 1 " )  a n d  a l l y  E  R .  D e f i n e  Y :  [ 0 ,  2 1 T " ]  x  R - +  R  b y  
{
y -
1
g ( t , y ) ,  I Y I ? :  H . 1  
Y
- R -
1
g ( t , R ) ,  O < y < R 1  
- 1  
- R 1  g ( t ,  - R l ) ,  - R
1  
<  y  <  0  
r ( t ) ,  . .  y  =  0 .  
( 3 . 6 )  
. r  
bgab-:lrll/1~M F O U H . T H - O R D E R  P E I U O D I C  B O U N D A R Y  V A L U E  P R O B L E M S  
T h o u  b y  ( 3 . & ) ,  . . . . ,  h a . V 1 : >  
0  
o  $  Y ( t , y )  <  r ( t )  +  
2  
5  
( 3 . 7 )  
f o r  1 1 .  e .  t  E  [ 0 , 2 1 1 " ]  f o r  a l l  y  E  J R .  M o r e o v e r  t h e  f u n c t i o n  Y ( t , y )  s a t i s f i e s  
C a r a t h e o d o r y  c o n d i t i o n s  a n d  
g ( t ,  x ( t - T ) )  =  I J -
1  
g ( t ,  x ( t - T ) ) - y  ( t ,  x ( t - T ) ) x ( t - T )  
L o . ;  s u c h  t h a t  a .  e .  t  E  [ 0 ,  2 1 1 " ]  a n d  u l l  x  E  I R ,  w e  h a v e  
19 ( t , x ( t - T ) ) l  $  a ( t )  
( 3 . 8 )  
f o r  s o m e  a ( t )  E  i~KIKKK T o  p r o v e  t h a t  ( 3 . 1 )  h a s  a t  l e H . . o . ; t  o n e  p e r i o d i c  s o l u t i o n ,  i t  
s u f f i c e s  t o  s h o w  t h a t  t h e  p o s s i b l e  s o l u t i o n  o f  t h e  f a m i l y  o f  e q u a t i o n s  
b -
1  
[ x < i v J  +  , . \ f ( x ) " x ]  +  x  +  ( 1  - A ) r ( t ) x ( t - T )  +  A Y  ( t ,  x ( t - T ) )  
+  b -
1
d x  +  A g ( t , x ( t - T ) )  +  Y ( t , x ( t - T ) )  =  > . b -
1
p ( t )  
( 3 . 9 )  
un~ a - p r i o r i  b o u n d e d  i n  w : . ; /  i n d e p t m d t m t l y  o f > .  E  [ 0 ,  1 ] .  B y  i n e q u a l i t y  ( 3 . 7 )  o n e  
h a s  
- 0  
o  $  ( 1  - A ) r ( t )  +  A Y  ( t ,  x ( t - T ) )  $  r ( t )  +  
2  
( 3 . 1 0 )  
f o r  a .  e .  t  E  [ 0 ,  2 7 T j a . n d  u l l  x  E  l R .  F r o m  T h e o r e m  2 . 2 ,  w e  c a n  d e r i v e  t h a t  f o r  . . \  =  0  
e q u a t i o n  ( 3 . 9 )  h l \ . ' i  o n l y  t h e  t r i v i a l  s o l u t i o n .  T h e n  u s i n g  L e m m a  3 . 1  a n d  C a u c h y  
S c h w a r z  i n e q u a l i t y  w e  o b t a i n  
1  1 2 1 <  .  
0  = - x { b -
1
[ x ( w )  +  f ( x ) " : i : " ]  + X +  ( 1 - . . \ ) r ( t ) x ( t - T )  
2 7 1 "  0  
+  > . Y ( t ,  x ( t - T ) ) x ( t - T )  +  > . g ( t ,  x ( t - T ) )  +  b -
1
d x - > . p ( t )  } d t  
2 : :  ~lxl~~ . .  - ( ! a l 2  +  l b -
1
I I P I 2 ) I i l 2  +  l b-
1
l d l i l 2  
& 1 . 1 : . !  f . / 1· 1  b - 1 , · · · 12  
2 : :  2  X  e~K - f J  X  H ? .  - X  2 w  
6  2  
>  - l : i : I H '  - . 8 l : : i : I H
1  
- 2  l •  l •  
f o r  so1~1e f 3  >  0 .  H e n c e ,  
w i t h  C J .  >  0 .  T h i s  i m p l i e s  
l x i H '  <  
2
! 3  _  
: 1 •  - 0  - C } ,  
!x ! 2  $  c 2  
l i l o o  $  C : J  
w h e r e  c 2  >  0  a n d  C : : J  >  0 .  U s i n g  W i r t i n g e r ' s  i n e q u a l i t y  i n  ( 3 . 1 2 ) ,  w e  o b t a i n  
l ± l 2  $  C4  
( 3 . 1 1 )  
( 3 . 1 2 )  
( 3 . 1 3 )  
( 3 . 1 4 )  
w i t h  c
4  
>  0 .  M u l t i p l y i n g  ( 3 . 9 )  b y  - x ( t )  a . n d  i n t e g r a t i n g  o v e r  [ 0 , 2 1 1 " ] ,  w e  o b t a i n  
I  rx·l~ ~ 1A1~11 +  ~lA1:K! +  ' " " ' : . !  +  d j : & j : . !  +  I P b d $ 1 : . !  
1  
A p p l y i n g  W i r t i n g e r s  i n e q u a l i t y  w e  o b t a i n  
j":ii j~ $ · c s  ( 3 . 1 5 )  
~~ 
{  
u '  
S .  A .  l Y A S E  
E J D E - 2 0 1 1 / 1 3 0 .  
w i t h  C J ( i  >  0  o . . u t l  h o n u o  
I : C i o o  ~ C 6  
w i t h  C 6  >  0 .  W e  m u l t i p l y  ( 3 . 9 )  b y  x < • v )  ( t )  l l . I l d  i n t e g r a t e  o v e 1 ·  [ 0 ,  2 1 1 ]  t o  g e t  
-b-
1
lxEivFi~ 5 l f ( x ) i o o l x l : . d x ( i v ) i 2 l b -
1
l  +  l i l 2 l x < i v ) l 2. +  1 1  +  ~ll:i:lOlxDEivFlO 
+  l b - l l l d l l i l : z  +  l a l 2 l : c ( i v ) l : z  +  lP I : z l x ' ( i v ) l : z  
~ I J ( i ) l o o l x l : z l : . c ( i v ) l : z l b -
1
1  +  l i l 2 l : c { i v ) l 2  
+  j l  +  ~ll:i:lOlxEiv}lOlb-
1
ldlxEivFlO +  ! a i 2 I X ( i u ) l 2  ; t  fmfO1uiEivF l:z lb-~ lK 
w h e r e  w e  u s e d  t h e  W i r t i n g e r ' s  i n e q u a l i t y .  T h m ;  
j x { i v ) l : z  ~ C 7  
( 3 . 1 6 )  
w i t h  c
7  
>  0 .  F i n a l l y  n m l t i p l y i n g  ( 3 . 9 )  b y  x ( t )  a n d  i n t e g r a t i n g  o v e r  [ 0 ,  2 1 1 ]  w e  o b t a i n  
l : c l 2  $  ct~ ( 3 . 1 7 )  
w i t h  c
8  
>  0 .  H e n c e ,  
lxlw~~~ =  l : . c l 2  +  I : C I : z  +  l x l 2  +  1 " ± " 1 2  +  jx<•v>~:z 5  c s  +  c 4  +  c : z  +  c s  +  c - r  =  C g  
T a k i n g  R  >  C g  >  0 ,  t h e  r e q u i r e d  a  p r i o r i  b o u n d  i n  W 1 . ; . .
2  
i s  o b t a i n e d  i n d e p e n d e n t l y  
o f  x  n n d  > . .  0  
4 .  U N I Q U E N E S S  R E s U L T  
F o r  f ( x )  =  a ,  a  c o n s t a n t ,  i n  ( 1 . 1 ) ,  w e  h a v e  t h e  f o l l o w i n g  n n i q u e n e . . • ; s  r e s u l t .  
T h e o r e m  4 . 1 .  L e t  a ,  b ,  d  b e  c o n s t a n t s  w i t h  b  <  0  a n d  d  >  0 .  S u p p o . , e  g  i . '  a  
C a m t h e o d o r y  f u n c t i o n  s a t i s f y i n g  
o  <  gEtI:i:~F- Y _ < t , : i : 2 )  <  r ( t )  ( 4 . 1 )  
b ( x 1  - :c:~F 
f m ·  a l l  : . c i ,  X : . !  E  l R  ·w ·i t h  X l  : / =  X : . !  w h e r e  r ( t )  E  i~IK i s  s u c J ,  t h a t  0  <  r ( t )  <  1 .  T h e n  
_ f o r ·  a l l  a~bitmng rKonK~tant u  a n d  e v e n J  r  E  [ 0 ,  2 1 1 )  t h e  b o u n d a r y - v a l u e  p r o b l e m  
x ( i v ) ( t )  + a x · +  b x  +  g ( t , : i : ( t - r ) )  +  d x  =  p ( t )  
x ( O)  =  x ( 2 1 1 ) ,  : C { O }  =  ± ( 2 1 1 ) ,  x ( O )  =  x ( 2 1 1 ) ,  x " ( O)  = '  : x ·  ( 2 1 1 ) ,  
( 4 . 2 )  
h a s  a t  m o s t  o n e  . 5 o l u t i o n .  
P r o o f .  L e t  x 1 , x 2  b e  l l . f i Y  t w o  o o l u t i o n s  o f  ( 4 . 2 ) .  S e t  x  =  x 1 - : c 2 .  T h e n  x  s a t i s f i e s  
t h e  b o u n d a r y  v a l u e  p r o b l e m  
I  b -
1
x < • v > ( t )  +  a · x  +  r ( t ) : i : ( t - r )  +  b -
1
d x  =  o  
I  x ( O )  =  x ( 2 1 1 ) ,  : i : ( O )  =  ± ( 2 1 1 ) ,  x ( O )  =  x ( 2 1 1 ) ,  "£ ( 0 )  =  " : i : " ( 2 1 1 ) ,  
w h e r e  t h e  f u n c t i o n  r ( t )  E  i~IK i s  d e f i n e d  b y  
{  
gEtK:i:iE t-rF~-~EtK:i:IEt-rFF i f  i ( t )  - . J .  O  
r ( t ) - • < t  - r  
- ~ i f  x ( t )  =  o  
.  .  
i f l  x ( t )  o n  e v e r y  s u b s e t  o f  [ 0 ,  2 1 1 ]  o f  p o s i t i v e  m e a s u r e ,  t h e n  x  i s  c o n s t a n t  S i n c e  
d  ~ 0  w e  mu~;t h a v e  x  =  0  a n d  h t m c e  x 1  =  x 2  . a .  e .  S u p p o o o  o n  t h e  o t h e r  h a n d  t h a t  
}  
'  · 1  
, _  
. / '  
. .  
E J O E - : . ! 0 1 1 / 1 3 0  F O U R I ' H - O R D E R  P E R I O D I C  D O U N O A R Y  V A L U E  P R O D L E M S  
7  
: C {  t )  o l  0  o n  u  < ; e r t f l . i n  s u b s e t  o f  to ,  2 1 1 ' " ]  o f  p o s i t  i r e  m e n s u r e ,  t h e n  u s i n g  t h e  u r g u m e n t . ' l  
o f  T h e o r e m  2 . 2  w e  o b t a i n  t h a t  x  =  0  a n d  h e n c e  x 1  =  x 2  a  . e .  0  
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